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Abstract. Quantum gravity correction is truly important to study tunnelling process of black hole. Base
on the generalized uncertainty principle, we investigate the influence of quantum gravity and the result
tell us that the quantum gravity correction accelerates the evaporation of black hole. Using corrected
Dirac equation in curved spacetime and Hamilton-Jacobi method, we address the tunnelling of fermions
in a 4-dimensional Schwarzschild spacetime. After solving the equation of motion of the spin 1/2 field, we
obtain the corrected Hawking temperature. It turns out that the correction depends not only on the mass
of black hole but aslo on the mass of emitted fermions. In our calculation, the quantum gravity correction
accelerates the increasing of Hawking temperature during the radiation explicitly. This correction leads to
the increasing of the evaporation of black hole.
PACS. 0470Dy Quantum aspects of black holes, evaporation, thermodynamics – 0460-m Quantum gravity
1 Introduction
Hawking radiation is a process of quantum tunnelling of
particles at black hole’s horizons[1]. Kraus and Wilczek
first discussed the radiation in the view of the dynamics of
space-time[2]. They studied the massless scalar particle’s
Hawking radiation as a tunnelling process based on a dy-
namical geometry[3]. In their work, the modified emission
spectra for spherically symmetric black holes and the cor-
rected Hawking temperature were derived. And the tun-
nelling rate is connected with the change of Bekenstein-
Hawking entropy. As for general black holes, Hawking ra-
diation was studied in[4,5]. The fermions tunnelling from
black holes was studied with Hamilton-Jacobi method and
the Hawking temperature was recoverd[6]. Fermions tun-
nelling from the outer horizon of BTZ black hole is investi-
gated in[7]. More about fermions tunnelling investigations
in complicated spacetimes are referred to[8,9,10,11].
Most approaches to quantum gravity theories predict
the existence of the minimal length[12,13,14,15,16]. In the
theoretical framework, the minimal length can be achieved
in different ways[17]. One way to realize the minimal length
is utilizing the generalized uncertainty principle (GUP).
Kempf et al.[18,19] proposed a three-dimensional general-
ized uncertainty relation of the form
[Xˆi, Pˆj ] = ih¯
[
(1 + βPˆ
2
)δij + β
′
PˆiPˆj
]
(1)
where β and β
′
are parameters related to the minimal
length. If assume β
′
= 2β and [Pˆi, Pˆj ] = 0, then to the
a email: renjr@lzu.edu.cn, corresponding author.
first order of β, the form of the modified position operator
and momentum operator will be
Xˆi = xi, Pˆi = pi(1 + βp
2) (2)
where xi and pj satisfy the canonical commutation rela-
tions [xi, pj ] = ih¯δij .
Quantum gravitational properties have been connected
with black hole physics by the generalized uncertainty
principle. The influence of the quantum gravity to the
black hole properties has been widely investigated by uti-
lizing GUP. Some problems have been investigated in [20,
21,22,23,24,25,26]. In [20], the thermodynamics of a small
black hole was discussed and shown that the Gross-Perry-
Yaffe phase transition for a small black hole was inter-
rupted by the minimal length induced by the GUP. The
quantum corrected value of a Schwarzschild black hole en-
tropy and a Reissner-Nordstrom black hole with double
horizon were calculated by utilizing the proposed GUP[21].
The thermodynamic quantities and the stability of a black
hole in a cavity were studied and the result shown that the
small black hole was unstable[22]. The derivation of the
Hawking temperature of a Schwarzschild black hole was
extended to the de Sitter and anti-de Sitter spacetimes[23].
The remnant mass and the corrected mass-temperature
relation, area law and heat capacity were obtained in [24].
In[25,26], a modified Dirac equation in curved spacetime
and corrected Hawking temperatures had been derived.
Though our works are similar to theirs, we will discuss
that we has adopted different modified scheme and ob-
tained different result clearly.
In this paper, we will investigate fermion’s tunnelling
process cross the 4-dimensional Schwarzschild black hole’s
event horizon under the effect of the quantum gravity.
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we first derive the modified Dirac equation in Minkowski
spacetime and subsequently generalize it into curved space-
time. The influence of the quantum gravity is introduced
by GUP and the Dirac energy operator which modified by
the minimal length scenario. We use the Hamilton-Jacobi
method to solve the equation of motion of the spinor field.
Then the tunnelling rate and Hawking temperature are
calculated. The results indicate that the corrected Hawk-
ing temperature depends on both the black hole’s mass
and the mass of emitted fermions. Moreover, though many
literatures imply that the existence of the minimal length
and GUP will prevent the black hole’s evaporation at some
point, our results really show that the emerge of the quan-
tum gravity will accelerate the black hole’s evaporation.
The organization of the rest paper is as follows. In sec-
tion 2, we generalize the dirac equation by adopting the
quantum gravity effect. In section 3, the fermion’s tun-
nelling behavior is investigated and the corrected Hawking
temperature is obtained. The last section is the discussion
and conclusion.
2 Generalize the Dirac equation from
Minkowski spacetime to curved spacetime
The Dirac equation in the ordinary quantum mechanics is
ih¯
∂|ψ〉
∂t
=
[
c (α · pˆ) + βˆmc2
]
|ψ〉, (3)
where
βˆ =
(
1 0
0 −1
)
, (4)
α =
(
0 σ
σ 0
)
, (5)
and σ are the Pauli matrices. So it is easy to obtain the
energy operator as
Eˆ = c (α · pˆ) + βˆmc2. (6)
To take the quantum gravity into account, we replace
pˆi by Pˆi directly. Thus the new energy operator is
EˆQG = c
(
α · Pˆ
)
+ βˆmc2. (7)
Now, using the Eq. (2), EˆQG can be rewriten as
EˆQG = c (α · pˆ) + βˆmc2 + βc (α · pˆ)3 , (8)
where we have used the relation pˆ2 = (α · pˆ)2.
We should realize that just resembling the new momen-
tum operator Pˆ no longer coincides with the generator of
space translation −i∇ like (2), the new energy operator
EˆQG no longer coincides with the generator of time trans-
lation i ∂
∂t
too [27]. They are related by[28]
EˆQG ≡ ih¯ ∂
∂t
(
1 + βh¯2
∂2
∂t2
)
. (9)
Then from (8) and (9) we get
(
ih¯
∂
∂t
+ iβh¯3
∂3
∂t3
)
|ψQG〉
=
[
−ih¯c (α ·∇) + βˆmc2 + iβh¯3c (α ·∇)3
]
|ψQG〉, (10)
which treats space and time in a manifestly symmetric
fashion. In Minkowski space-time, this is the generalized
Dirac equation. And next we will again generalize it to
curved space-time.
We set G = c = 1. The Latin indices are raised and low-
ered by flat metric ηab while Greek indices by curved met-
ric gµν . Then we can build the tetrad by
gµν = e
a
µ e
b
ν ηab, ηab = gµνe
µ
ae
ν
b
eµae
a
ν = δ
u
ν , e
µ
ae
b
µ = δ
a
b .
(11)
So the equation (10) can be rewritten as[
ih¯βˆ
∂
∂t
+ ih¯(βˆα ·∇) + iβh¯3βˆ3 ∂
3
∂t3
−
iβh¯3(βˆα ·∇)3 −m
]
|ψ〉 = 0.
(12)
We must note that the metric is
ηab = diag{1,−1,−1,−1}. (13)
But if utilizing the convention in general relativity with
ηab = diag{−1, 1, 1, 1}, we should make the transforma-
tion like
ds2 = dt2 − dx2
= −d(it)2 + d(ix)2
= −dt′2 + dx′2, i.e. t′ = it, x′a = ixb, · · ·
(14)
{iγa, iγb} = −{γa, γb}
= −2ηab
= 2diag{−1, 1, 1, 1}, i.e. γ′a = iγb
(15)
It can be verified that the form of the equation (12) is
not changed after employing the transformation. After the
transformation, we choose the gammas of flat spacetime
as below
γ0 =
(
iI 0
0 −iI
)
, γ1 =
(
0 iσ3
−iσ3 0
)
,
γ2 =
(
0 iσ1
−iσ1 0
)
, γ3 =
(
0 iσ2
−iσ2 0
)
.
(16)
Then the Lorentz spinor generators are defined by
Σab =
i
4
{γa, γb}, {γa, γb} = 2ηab. (17)
And the γµ,s in curved spacetime can be constructed as
γµ = eµaγ
a, {γµ, γν} = 2gµν . (18)
Zhen-Yu liu, Ji-Rong Ren: Fermions tunnelling with quantum gravity correction 3
To get the generalized Dirac equation in curved spacetime,
we rewrite eq. (12) in a covariant form by replacing ∂µ
with ∂µ +Ωµ and γ
a’s with γµ’s
[ih¯γµ(∂µ +Ωµ)+iβh¯
3(γ0∂0 + γ
0Ω0)
3iβh¯3
− (γi∂i + γiΩi)3 −m]|ψ〉 = 0
(19)
where Ωµ ≡ i2ω abµ Σab and the ω abµ is spin connection
which can be written by the tetrad and ordinary connec-
tion as ω aµ b = e
a
ν Γ
ν
µλe
λ
b − eλb∂µe aλ . In the next section,
we will solve this equation in Schwarzschild spacetime.
3 Fermion’s tunnelling in the Schwarzschild
spacetime with quantum gravity correction
In this section, with the effects of quantum gravity taken
into account, we discuss the spin-1/2 fermion’s tunnelling
behavior under the Schwarzschild black hole. The metric
of Schwarzschild spacetime used in this paper is:
ds2 = −f(r)dt2 + 1
g(r)
dr2 + r2(dθ2 + sin2θdφ2) (20)
with f(r) = g(r) = 1− 2M
r
, and M is the black hole’s mass.
The event horizon is located at rh = 2M . The tetrad of
the metric is constructed as
e aµ = diag(
√
f(r),
1√
g(r)
,
1√
gθθ
,
1√
gφφ
)
= diag(
√
f, 1/
√
g, r, rsinθ) (21)
From (16) and (18), the gamma matrices in Schwarzschild
space-time are given as
γt = et0γ
0 =
1√
f(r)
(
iI 0
0 −iI
)
γr = er1γ
1 =
√
g(r)
(
0 iσ3
−iσ3 0
)
γθ = eθ2γ
2 =
√
gθθ
(
0 iσ1
−iσ1 0
)
γφ = eφ3γ
3 =
√
gφφ
(
0 iσ2
−iσ2 0
)
. (22)
The fermions motion is governed by equation (19). For a
spin-1/2 particle, the wave function of the spin up state
is assumed semi-classiclly as
|ψ〉 =


A
0
B
0

 exp
(
i
h¯
I(t, r, θ, φ)
)
(23)
where A, B and I are functions of coordinates t, r, θ, φ, and
I is the action of the emitted fermions. The discussing of
the spin down state is the same as that of the spin up. We
just consider the spin up state in this paper.
To solve the generlized Dirac equation (19) with employ-
ing the WKB approximation, we substitute (22)(23) into
(19) and neglect the terms including ∂A, ∂B and high
orders of h¯. If solving (19) by neglecting the high order
items of h¯, the Ωµ can be neglect and only the term with
the partial operator’s order is just 3 can be survived.
Then we get the simplified equation respect to (19)[
h¯γµ∂u + βh¯
3(γ0∂0)
3 − βh¯3(γi∂i)3 + im
] |ψ〉 = 0 (24)
and finally obtain decoupled four Hamilton-Jacobi equa-
tions
A[− 1√
f
∂tI−β 1
f
√
f
(∂tI)
3 + im]−B{1 + β[grr(∂rI)2+
gθθ(∂θI)
2 + gφφ(∂φI)
2]}√grr∂rI = 0
(25)
−B{1+β[grr(∂rI)2 + gθθ(∂θI)2 + gφφ(∂φI)2]}
(
√
gθθ∂θI + i
√
gφφ∂φI) = 0
(26)
A{1+β[grr(∂rI)2 + gθθ(∂θI)2 + gφφ(∂φI)2]}
√
grr∂rI
+B[
1√
f
∂tI + β
1
f
√
f
(∂tI)
3 + im] = 0
(27)
A{1+β[grr(∂rI)2 + gθθ(∂θI)2 + gφφ(∂φI)2]}
(
√
gθθ∂θI + i
√
gφφ∂φI) = 0
(28)
To solve the Hamilton-Jacobi equations above, the action
is set as below to separate the variables
I = −ωt+W (r) +Θ(θ, φ) (29)
where ω is the energy of the emitted particle. Substitute
(29) into [25-28], we gain four equations below
A[
ω√
f
+ β
ω3
f
√
f
+ im]− B{1+
β[grr(∂rW )
2 + gθθ(∂θΘ)
2 + gφφ(∂φΘ)
2]}√grr∂rW = 0
(30)
−B{1+β[grr(∂rW )2 + gθθ(∂θΘ)2 + gφφ(∂φΘ)2]}
(
√
gθθ∂θΘ + i
√
gφφ∂φΘ) = 0
(31)
A{1 + β[grr(∂rW )2 + gθθ(∂θΘ)2 + gφφ(∂φΘ)2]}
√
grr∂rW
+B[− ω√
f
− β ω
3
f
√
f
+ im] = 0
(32)
A{1+β[grr(∂rW )2 + gθθ(∂θΘ)2 + gφφ(∂φΘ)2]}
(
√
gθθ∂θΘ + i
√
gφφ∂φΘ) = 0
(33)
Contrasting (31) and (33), we find they are identical ex-
cept the letters A and B. We rewrite them as
{1+β[grr(∂rW )2 + gθθ(∂θΘ)2 + gφφ(∂φΘ)2]}
(
√
gθθ∂θΘ + i
√
gφφ∂φΘ) = 0.
(34)
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For β is a small quantity repesenting the effects of quan-
tum gravity, the part in the brace bracket can not be zero.
And we know it from previous work that Θ has no contri-
bution to the tunnelling rate. Then there must be√
gθθ∂θΘ + i
√
gφφ∂φΘ = 0. (35)
The modulus of it is
(
√
gθθ∂θΘ)
2 + (
√
gφφ∂φΘ)
2 = 0. (36)
Then substituting (36) into (30) and (32), a group of linear
equation with respecting to A and B is attained
A[
ω√
f
+ β
ω3
f
√
f
+ im]−
B[1 + βgrr(∂rW )
2]
√
grr∂rW = 0,
A[1 + βgrr(∂rW )
2]
√
grr∂rW+
B[− ω√
f
− β ω
3
f
√
f
+ im] = 0 (37)
If expecting none zero solutions, its determinant must be
zero. Then a differential equation of W is gained like
−( ω√
f
+β
ω3
f
√
f
)2−m2+[1+βgrr(∂rW )2]2grr(∂rW )2 = 0.
(38)
Neglecting the high order of β and expanding (38), W is
assumed as
W (r) =W0 + βW1. (39)
Inserting (39) into (38) and considering g = f = 1 − 2M
r
,
we get two differential equations
±
√
m2 +
ω2
g
+
√
g∂rW0 = 0 (40)
± ω
4
g2
√
m2 + ω
2
g
+ g
3
2 (∂rW0)
3 +
√
g∂rW1 = 0 (41)
Solving the above two equations at the event horizon, the
result is
W = ±i2piMω(1− 2m2β). (42)
The +/− sign corresponds to outgoing/ingoing wave. If
just from (40), we recover the original outcome without
any correction
W0 = ±i2piMω. (43)
Then the tunnelling rate[29] of the spin- 12 fermion crossing
the horizon is
Γ =
P(emission))
P(absorption)
=
exp(−2ImI+)
exp(−2ImI−)
=
−2ImW+ − 2ImΘ
−2ImW− − 2ImΘ
= exp[−8piMω(1− 2m2β)].
(44)
Finally, the corrected Hawking temperature is
T =
1
8piM(1− 2m2β)
= (1 + 2m2β)T0 (45)
where T0 =
1
8piM is the original Hawking temperature.
For massless particle tunnelling in the schwarzschild
black hole, the corrected Hawking temperature was de-
rived in [30]. Respecting to our job, a similar work has
been done in [25,26]. The corrected Hawking temperature
corresponding to different black hole were calculated in
these paper. But their Hawking temperature respecting
to the schwarzschild black hole
T =
1
8piM
(
1 + 12β(3m
2 + 4ω2)
)
=
[
1− 1
2
β(3m2 + 4ω2)
]
T0 (46)
is different from ours, where T0 =
1
8piM is the original
Hawking temperature. Comparing (45) with (46), the cor-
rection value of Hawking temperature in our outcome do
not rely on the radiated fermion particle’s energy ω. And
the even more important distinction is the sign in the re-
sult. The minus sign means the effects of quantum gravity
will retard the black hole evaporation and the positive
means the effects of quantum gravity will accelerate the
black hole evaporation. So according to our result, there
is no remnant at last.
Actually, the utilizing of different energy operator which
according to GUP leads to different modified scheme and
result. The below energy operator was adopted in [25]
ih¯∂t ≡ EˆQG
(
1− β
c2
Eˆ2QG
)
(47)
and we adopt another one (9). So we have used a distinct
modified scheme and obtained a different result.
4 Discussion and conclusion
In this paper, we first modified the Dirac equation in
Minkowski spacetime with employing the generalized en-
ergy and momentum operator and original Dirac equa-
tion. Then, we made a transformation to generalize it
into curved spacetime. By assuming the existence of mini-
mal length, the effects of quantum gravity was introduced
via generalized uncertainty principle through the modifi-
cation process. Finally, the radiation of spin 1/2 particles
in the 4-dimensional Schwarzschild spacetime was calcu-
lated with Hamilton-Jacob method. We got the corrected
tunnelling rate and Hawking temperature.
We found that the quantum corrected part of Hawking
temperature is depend on both the black hole mass M and
the radiated particle mass m. Though many literatures
imply the quantum gravity correction will retard the black
hole evaporation and lead to the existence of remnants,
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our result really indicates that the influence of quantum
gravity will accelerating black hole evaporation and the
remnants can not be exist.
We just offered a possible modification scheme to inves-
tigate fermion’s tunnelling from schwarzschild black hole.
We only calculated the leading order of h¯ and β. As for
more complex black hole and high orders of corrections,
it is expected to be studied in the future work.
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